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Abstract. In this article wc study constrained variational problems in one independent vari- 
able defined on the space of integral curves of a Frenet system in a homogeneous space G/H. 
We prove that if the Lagrangian is G-invariant and coisotropic then the extremal curves can 
be found by quadratures. Our proof is constructive and relies on the reduction theory for 
coisotropic optimal control problems. This gives a unified explanation of the integrability of 
several classical variational problems such as the total squared curvature functional, the pro- 
jective, conformal and pseudo-conformal arc-length functionals, the Delaunay and the Poincare 
variational problems. 



1. Introduction 

The present paper is an outcome of our attempt to understand the general mechanisms underly- 
ing the integrability of constrained variational problems for curves of constant type in homogeneous 
spaces [10, 11, 17, 18]. The Pfaffian differential systems arising from curves of constant type lead to 
the notion of generalized Frenet system for curves of a homogeneous space G / H . Roughly speak- 
ing, a generalized Frenet system of order fc on G/iJ is a G-invariant submanifold S C j'''(M, G/H) 
of the jet space J^^^M, G/H), which may be linearized by a left-invariant affinc sub-bundle of T{G). 
From the geometrical viewpoint the integral curves of such systems are canonical lifts of curves 
of constant type on G/H. The most elementary example is the classical Frenet-Serret differential 
system for generic curves in Euclidean space. We then consider a G-invariant Lagrangian and we 
investigate the corresponding Eulcr-Lagrangc system. The general construction of the momentum 
space and of the Euler-Lagrangc system of a constrained variational problem in one independent 
variable is due to Griffiths (we refer to [5, 12, 16] as the standard references on the subject and 
to [6] as the original source of inspiration of the approach developed by Griffiths). We adhere 
to the terminology introduced in [12, 5] and say that a Lagrangian L is non- degenerate if the 
momentum space Y is odd-dimensional and if the canonical 2-form on Y has maximal rank. We 
prove that if the Lagrangian L is G-invariant and coisotropic (see Definition 4.3) then the extremal 
curves of the variational problem can be found by quadratures. The proof relies on the reduction 
theory of Hamiltonian systems with symmetries (see [2, 9, 14, 15] for the standard theory in the 
symplectic category and [1, 5, 24, 27] for generalizations to contact geometry, time-dependent 
Hamiltonian systems and Poisson manifolds). One of the ingredients of the proof is a concrete 
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geometric description of the Marsden-Wcinstein reduced spaces in terms of the phase portraits 
of the system. This procedure is constructive and appHes to several concrete examples (see refs. 
[5, 7, 12, 16, 20, 21, 22, 23]). 

The paper is organized as follows. In the next section we recall the basic definitions and prop- 
erties of linear control systems on Lie groups and Frenet systems of curves in homogeneous spaces. 
In Section 3, we examine variational problems defined by invariant Lagrangians for linear control 
systems on Lie groups. From a geometrical viewpoint we deal with /c-th order variational problems 
for curves of constant type in a homogeneous space that depend on the generalized curvatures. 
Since all the derived systems have constant rank, the extremal curves of the variational problem 
are the projections of the integral curves of the Euler-Lagrange system. Therefore, we focus our 
attention on the momentum space and on the Euler-Lagrange system. First we investigate the 
geometry of the momentum space y of a regular invariant Lagrangian of a linear control system of 
a Lie group G. We show that Y is of the form Gx!F, where !F is an immersed submanifold of g x g* 
(we call J- the phase space of the variational problem). Next we study non-degencratc Lagrangians. 
We prove that if L is non-degenerate, then the phase space J- can be realized as a submanifold of 
Q* . We define the linearized phase portraits and the Legendre transform and analyze the structure 
of the characteristic vector field of a non-degenerate Lagrangian. In Section 4 we study coisotropic 
Lagrangians. We prove that the integral curves of the characteristic vector field passing through 
a point of the bifurcation set are orbits of one-parameter subgroups of the symmetry group G. 
Therefore, from this point on, we focus our attention on the regular part Yr of the momentum 
space. We show that Yr is of the form Gx Tr, where Tr is an open subset of the phase space. We 
prove that !Fr intersects the coadjoint orbits, C(/x), of G transversally and that Vril^) = J-rr\0{fi) 
are smooth curves (referred to as the phase portraits). Subsequently we introduce the moment 
map J : Yr 2* and prove that the Marsden-Weinstein reduction J^^{ii) /G ^ can be naturally 
identified with the phase portrait Vrin). We also show that every ^ E J{Yr) is a regular element 
of g* which implies that the isotropy subgroups are Abelian, for every fi £ J{Yr). We then 
examine more closely the phase flow (j) and the characteristic vector field ^. We prove that if the 
Lie algebra q possesses a non-degenerate ^d-invariant inner product then the differential equation 
fulfilled by the phase flow can be written in Lax form. From the Noether conservation theorem 
we know that the characteristic vector held ^ is tangent to the flbers J~^{fi) of the moment map. 
We define a canonical connection form 6^ on the Marsdcn-Weinstcin fibrations Jr^^j) ^(m) 
whose horizontal curves are the integral curves of the characteristic vector field. Since the base 
is 1-dimensional and the structure group G^ is Abelian, the horizontal curves can be found by 
a single quadrature. This shows that the extremal curves of an invariant coisotropic Lagrangian 
arc intcgrable by quadratures. As a byproduct, we prove that if the canonical connection 9^ is 
complete, which is generically the case when /i is a regular value of the moment map, then the 
connected components of J~^(/i) arc Euclidean cylinders and the characteristic vector field ^ can 
be linearized on J~^{fi). We would like to stress that the connection form 6*^ can be constructed 
explicitly from the data of the problem, so that the integration process can be performed in a 
completely explicit way. 

Finally, in two appendices, we summarise the background material that we use from the theory 
of Pfaffian differential systems and constrained variational problems in one independent variable. 
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Throughout the paper, we demonstrate how our general results apply to the specific example 
of isotropic curves in R^^'^^. We show how to derive the Frenet system for such curves, and show 
that the variational problem is coisotropic if we take the Lagrangian to be a linear function of the 
curvature. We prove that the phase portraits may be parametrised in terms of elliptic functions, 
and construct the sections of the Marsden-Weinstein fibration required to reduce the integration 
to quadratures. Other concrete geometrical examples where the general scheme described in this 
paper are implemented may be found in [5, 6, 20, 21, 22, 23]. In all of these cases the generic 
phase portrait is an elliptic curve, so that the extremal curves can be integrated in terms of elliptic 
functions and elliptic integrals. 

2. Linear control systems on Lie groups and Frenet systems in homogeneous 

SPACES 

2.1. Linear control systems on Lie groups. Let G be a Lie group with Lie algebra g. The 
natural pairing between g and g* will be denoted by (77, V) E 2* x g ^ {rj; V) E M. We let 
O G 0* (8) be the Maurer-Cartan form of G. If we fix a basis (eo, . . . , e„) of 0, then Q = O"^ ^ ej, 
where (0°, . . . , 0") is the basis of g* dual to (eg, . . . , e„). 

Definition 2.1. Let A C g denote an affine subspace of g of the form P + a = {P + A : A £ a}, 

where Peg and a E Grh{g) with P ^ a. The set of such affine subspaces of g will be denoted 
P'*(0). We call M := G x A the configuration space of the affine subspace A, and denote by 
ttg : A/ — + G and tta : A/ ^ A the natural projections onto the two factors. 

We now fix a left-invariant form co £ g* such that (w; P) = 1 and w G (i.e. {uj; A) = 0, for 
all A E a). We may fix a basis (eo, . . . , e„) of g such that 

P = eo, a = span(ei, . . . ,e,0 

and we let 0°, . . . , 6" be the components of the Maurer-Cartan form with respect to (eo, . . . , en). 
Such a basis may be chosen so that ^ uj. Using the projection ttg, we may pull-back the 
differential 1-forms oj,9^, . . . ,6" to M, to define a set of 1-forms on M which, by the standard 
abuse of notation, we again denote by w, fl^, . . . , 6*" E n^{M) ^ Let k^,...,k^ denote the affine 
coordinates on A defined by the affine frame (P, ei, . . . , e/j). We then define the 1-forms 

. je^-k^Lo j = i,...,/i, 

[0^ j = h + l,...,n. 

We then define the Pfaffian differential system {A, oj) on M to be the Pfaffian differential ideal 
generated by the 1-forms {rj^ : j = 1, . . . n} with the independence condition given by oj ^. 

Definition 2.2. {A,uj) is the linear control system associated to A E P''(g). 

Note that the ideal A has constant rank, being generated by a rank n sub-bundle, Z C T*{M). 
The sub-bundle Z is of the form G x Z, where 

Z = {(Q, ?/) e A X g* : {rj; Q) = 0} C A x g*, 

^We will generally follow the usual practice in the method of moving frames and omit the pull-back signs to 
simplify notation. This should cause no confusion as wc will clearly specify the manifolds that we arc working on. 

^Morc invariantly, if wc fix lj £ g* with a; £ and (oj; P) = 1, then we define the g- valued 1-form € (A/, g) 
by the formula &\[g^Q) '■= '""gC® ~ '3'^)I(9,Q)' A is then the differential ideal generated by {(fi; 0) ; S g*}. 
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and where the embedding of Z as a sub-bundle of T*(M) is given by 

{g, Q,r^)eGxZ^ ^hiv)\(g^Q) ^ T*^.Q)M. 

We may use the left-invariant trivialization to identify T{G) and G x g. The tangent space to 
M at {g, Q) is then identified with a. With this identification at hand, the integral elements 
of {A, uj) at {g, Q) are the 1-dimensional subspaces of g a of the form (Q, w), where u G a. 

A smooth curve 7 = (a,/3) : (a, 5) M, where (a, 6) C M, is a parametrized integral curve 
of the control system {A^uj) if and only if a : (a, 5) ^ G is a solution of the linear system 
a{t)~^ a' [t) ~ P{t). Thus, as a control system, the points of the affine space A play the role of the 
inputs. Note that if we assign a smooth map /3 : (— e, e) ^ A and a point go G G, then there exists 
a unique integral curve of the control system, 7 = (a, /?), satisfying the initial condition a(0) = go- 
Consider the linear subspaces C g defined recursively by 

ai = a + span(P), 02 = ai + [ai, ai], afe = a^-i + [a^-i, a^-i]. 

The smallest integer N such that a^v = cijv+i is called the derived length of A. Note that Zs :~ 
A X is contained in Z, for s = 1, . . . , A^. We set Zs — M x Zs, s — 1, . . . ,N and we consider 
the sequence of sub-bundles 

Z]\[ c Z]\[_i c ■ • • c Zi c z. 

If we denote by As the Pfaffian differential ideal generated by Zs, then 

An c An-i <z ■ ■■ <z Aid a 

is the derived flag of the control system (see ref. [4, f2] for more details about derived flags). We 
have thus proved the following: 

Proposition 2.3. All the derived systems of a linear control system on a Lie group G have 
constant rank. 

2.2. Prenet systems in homogeneous spaces. Let iJ C G be a closed Lie subgroup and 
consider the homogeneous space G/H. The left-action of G on G/H induces an action of G on 
the jet space G/H), called the k-th prolongation of the action of G on G/H. 

Definition 2.4. A differential relation (in one independent variable) of order k on G/H is a sub- 
manifold S of J'^(M, G/H) such that dt\g is nowhere vanishing. We define the Pfaffian differential 
system {X,dt) on S, given by restriction to S of the canonical contact system on J''{M.,G/H). A 
smooth curve 7 : (a, b) G/H is said to be of type S if ,j''{'j)\t G S, for all t e (a, b). 

Note that the integral curves of the Pfaffian differential system {T, dt) are the fc-order jets j'^(7) 
of curves 7 : (a, b) G/H that satisfy the differential relation j^{'^)\t G S, for all t £ {a, b). 

Definition 2.5. A Frenet system of order k on G/H is a triple (5, A, where 

a) S C J'''(R, G/H) is a G-invariant differential relation of order k endowed with the induced 
contact system {T,dt), 

b) Ae P''(0), 

e) $ : 5 — > M is a smooth equivariant map from S onto an open subset <i>(5) of M = G x A, 
the configuration space, 

with the properties that 
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• If 7 : (a, b) G/H is a smooth curve of type 5* then F = $ o is an integral curve of 
the control system {A, oj) ; 

• If r : (a, 6) M is an integral curve of {A,oj) such that Im(r) C ^{S), then 7 = tto/h°^ '■ 
(a, b) G/H is a curve of type S and F = <I> o j^{'~f). 

The method of moving frames [11, 12] gives an algorithmic procedure for the construction of 
the Frenet systems for curves of constant type in homogeneous spaces (see [10, 17, 18]). We refer 
the reader to [12] for the explicit construction of the Frenet system of generic curves in the affine 
space M^, to [7, 23] for the Frenet system of generic curves in RP^, to [20, 26] for the Frenet 
system of generic curves in the conformal 3-sphere and to [22] for the Frenet systems of generic 
Legendrian curves in the strongly pseudoconvex real hyperquadric of CP^ . 

Definition 2.6. Let F := ttq o ^ : S ^ G and A' :~ tta o $ : S* ^ A denote the two components 
of the map We call F the Frenet map and K the curvature map. 

Let 7 : (a, 6) G/H be a curve of type 5, then F = $ o ^'^(7) : (a, 6) — * M is called the 
canonical lift of 7. The maps 

F^ :=Fo/-(7) : (a, fo) ^ G, 
:=Ko/(7) : (a,b) ^ A 

are called the Frenet frame field and the curvature function of 7, respectively. 

Definition 2.7. The generalized arc-length of a curve 7 : (a, b) G/H of type S is the smooth 
function Sy : (a, b) M, unique up to a constant, such that ds^ ~ T*{lu), where F : (a, b) — ^ M is 
the canonical lift of 7. Each curve 7 C G/H of type S may be parametrized in such a way that 
ds-y = dt. In this case, we say that the curve 7 is normalized. 

Proposition 2.8. Let (5, A, $) be a Frenet system. Then ^(S) = G x where [/$ is an open 
subset of A. 

Proof. We set [/<[, = tta{^{S)). Thus, C/<j, is an open subset of A such that $(5*) C G x Take 
any {go,Qo) <= G x J7$. Since Qo G [/$ then there exists G G such that (51, Qo) G ^{S)- Now 
let F : (— e, e) — * M be an integral curve of the control system (.4,0;) such that F(0) = {gi,Qo)- 
Since $(5*) is an open set we may, by restricting the value of e if necessary, assume that Im(F) C 
$(5). Then, the projection of F onto G/H is a curve 7 : (— e, e) — > G/H of type S such that 
F = '!'[.?'' (7)]- Using the G-invariance of 5* it follows that .go.9r^7 another curve of type 5*. Thus, 
from the equivariance of $ it follows that go9i^^iO) ~ {go, Qo) belongs to $(5'). This shows that 
G X [Z* C $(5). □ 

The elements of the open subset may therefore be considered as the "geometrical inputs" 
of the control system {A,lu). In particular, the curvature function K gives a complete set of local 
differential invariants for curves of type S. More precisely, if 7,7 : (a, 6) —>■ G/H are normalized 
curves of type S with = K^, then 7 and 7 are congruent to one other, in the sense that 
there exists a g G G such that g'y{t) — 7(t), for all t £ {a,b). Moreover given any smooth map 
-fsT : (a, 6) ^ [/$ C A there exists a normalized curve 7 : {a,b) — > G/H of type S, unique up to 
congruence, such that = K. 
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If wc fix an affinc frame (P, ei, . . . , e/^) of A and if wc let k^, . . . , be the corresponding 
coordinates, we may identify the configuration space M with G x M.^. Thus, we may write 
= (fc^, . . . , k'^), where k}y, . . . ,k!^ are smooth functions that depend on the fc-jet of 7. These 
functions can be viewed as the generalized curvatures of 7. 

2.3. Isotropic curves in M^^'^^. An example that will illustrate our considerations concerns 
variational principles for isotropic curves in 3-dimensional Minkowski space. Let R^^'^^ denote 
Minkowski 3-space endowed with the Lorentzian inner product 



2 2 
■■ w 



{v, w) = - [v^w^ + v^w^) + v'^ 

We fix the spatial orientation by requiring that the standard basis (ei, 62, 63) is positively oriented, 
and we fix the time orientation defined by the positive light cone 

£+ = e M(2.i) : {v, ei + 63) < o} . 

Let G be the restricted Poincare group E(2, 1) i.e. the group of isometrics of M*^^'^' that preserve 
the given orientations. The group G may conveniently be described as the space of pairs g = {q, A) 
where q G M^^'^^ and A = {Ai,A2, A3) is a 3 x 3 matrix such that 

det(^i,^2,A3) = I, {Ai,Aj)^g,j, ^1,^3 €£+. 

We let g denote the Lie algebra of G, consisting of all matrices of the form 

/O \ 



q^ v] vl 



"2 




X{q,v) 

q" u 
\q^ vl -v\) 

We now define the Maurer-Cartan form fi e f^^(G, g), which takes the form 

/ \ 



uj^ Lo\ ujI 



,3 



I 



such that 



dq = uj'^Ai, 



dAi 



1,2,3. 



Differentiating these relations, we obtain the structure equations 



duj' 



dul 



i,k = 1,2,3. 



Recall that the Maurer-Cartan forms uj^ ,uj\,ijj\,uj\ are linearly independent and generate 
the space, g*, of left-invariant 1-forms on G. 

Definition 2.9. A null (or isotropic) curve in M^^-^' is a smooth parametrized curve 

a : {a,b) C M ^ R^^'^^ 

such that a'{t) e £^ for all t E (a, b). We shall assume that a is without flex points, in the sense 
that 

a'{t) Aa"{t) ^0, Vte(a,6). 
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The linear differential form lo^ ||Q!"(t)||^''^(it is nowhere vanishing, and is invariant under 
changes of parameter and the action of the group G. Without loss of generality we may assume 
that a is normalized, in the sense that 

\\a"{t)\\^'^ = 1, yte{a,b). 

(This condition fixes the parameter t up to an additive constant.) The curvature of a is defined 
by 



k{t) 



1 



\\a"'{t)\\^ Vte(a,6), 



At each point of the curve we may define the frame g{t) = {a{t), A{t)) E G given by 

A,{t) = a'{t), A2{t) = a"{t), = a"'{t) + \\\a"\t)fa' it). 

This frame defines a canonical lift 

g:tE{a,h)-^g{t) = [a{t),A{t))EG 

of the curve a to the group G, referred to as the Frenet frame field along a. An application of the 
method of moving frames shows that the Frenet frame field is the unique lift of a to G with the 
property that 

/o o\ 

1 K 
10k 

yo 1 oy 

We illustrate the construction of the Frenet system for isotropic curves in R'^^'^\ viewed as a 
homogeneous space of the group G. Let 

t, X=ix\x\x^), Xi^{xl,xl,xl), X2 = [x\,x\,xl), X^^{x\,x\,xl) 



dt. 



be the standard coordinates on the jet space J'^(]R, R^^'^-') 
The differential relation S C j3(M,R(2^i)) is defined by 



X E(2,1) X M(2-1) X M(2.1) X 



(2,1) 



Xi e £+, 



1X2 



1, {Xi,X2) = (X2, X3) = 0, Xi A A X3 ^ 0. 

Holonomic sections of S are third order jets j^{a) of normalized isotropic curves a : (a, b) 
We define n: S ^Rhy 

K(t,X,Xi,X2,X3) = -i||X3|p. 



K [j^(Q;)] is then the curvature of the isotropic curve a. 
The affine space A = P + aC0is then the straight line 



where 



eo 



fc e M ^ Q{k) = eo + fcei e 



/o o\ 

10 

10 

\o 1 oy 



ei 



(0 








o\ 








1 














1 













It is convenient to identify the configuration space M = G x A with G x M by means of the map 

(5, eo + fcei) e G X A ^ (g, A:) e G X M. 
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With this identification at hand, the hncar control system {A, uj) is generated by the hncar differ- 
ential forms 

-1-1 'JIQO 

1] ^ijj2—kuj, r] = LUi, r] —LUi—LO, rj ~ lu , r] ~ lu . 
along with independence condition 

u = uj'^ . 

We now consider a smooth curve F : (a, b) M and let 

g -.t € {a,b) {a(t),A{t)) e G, k : t e {a,b) ^ k{t) e A, 

be the two components of V. Then V is an integral curve of the control system [A, uj) if and only 
if g : {a,b) —f G is the Frenet field along the isotropic curve a : (a, 6) —> M^^'^', and k is the 
curvature of the curve a. The mapping ^ : S ^ AI = G x M. linearizing the differential relation 5* 
is defined by 

Remark 2.10. Using the structure equations for E(2, 1) we find that 

duj = (kt]"' - 77^) a - 77^ a rf, (la) 
di]^ = -TT A UJ + f]^ A jf + KT]^ A r]'^, (lb) 
drf ^ [nrf - 1]^) A LU - 1]^ A r]^ , (Ic) 
dr]^ = [2ff - KT]'^) Alj + t]^ Aif + r]'^ A if, (Id) 
dri-^ = [nrf - ■q'^) A UJ - rf A rf , (le) 
d-q^ = f]'^ A UJ + jf A if - rf A ■q'^ , (If) 

where 

2.4. Coadjoint action of E(2, 1). For later convenience, we now discuss the coadjoint action of 
E(2, 1) on e(2, 1)*, the dual of its Lie algebra. Our discussion follows the discussion of the coadjoint 
representation of E(3) given in Guillemin and Sternberg [14]. 

Using the Maurer-Cartan forms, we identify g* with R^^.i) © m(24) by means of the map 

(p, v) e M(2-^) e M(2-^) ^ p^uj' - v^ujI + V2Uj\ + G 0*- 

The coadjoint action of G on g* then takes the form 

g-{p,v) = {Ap,Av-{Ap)xq), (2) 

for all g = ^ £ G = E(2, 1), where x denotes the vector cross product 

{v X w,u) — det(u, w, u), Vu, w,u G M'-^'^-'. 

We now define the map 

C:{p,v)eB*^{\\p\\\{p,v))eR\ 

the components which, Ci and C2, generate the space of Casimir functions. We recall the following 
standard material; 
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• Let G be a Lie group, and g* the dual of the Lie algebra of G. Let /i e g*. The isotropy 
group of G at ^ is the closed subgroup of G defined by 

G^ := {,g e G : Ad*{g)fi ^ fi} = {g e G : {fi; Ad{g-')A) - A), VA e g} . 

• The Lie algebra of G^ is 

^ {A e 9 : ad*{A)^i ^ 0} = {A e s : [A, S]) = 0, VB e g} 

• The rank of the group G is defined as 

rank(G) = inf{dim(g^) : ^ € g*}. 

• An element /i € g* is regular if dim(gp) = rank(G); otherwise /x is a singular element of 
g*. The set of regular elements of g* will be denoted by g*, while g* will denote the set of 
singular elements. 

• By a theorem of Dixmier (cf. [8, 9]), the isotropy group G^ and the isotropy Lie algebra 
g^ of a regular element n G g* are Abelian. 

In the case of E(2, 1), g* is the open subset of g* consisting of elements 

g,*-{(p,iOGg:p^O}. 

The co-adjoint orbit, O^pg ^gj, through a regular element {po,Vo) £ g* is therefore the four- 
dimensional sub-manifold 

There are three types of regular orbit: 

• orbits of positive type: Oj^q.^jq) with Gi = \\po\\^ > 0; 

• orbits of negative type: ©(^^ ^,^) with Gi = ||po||^ < 0; 

• orbits of null type: 0(^pg^ygj with Gi = \\po\\^ = 0; 

The orbits of negative and null type also break into sub-classes according to whether po is future- 
directed, with (pq, ei + 63) < 0, or past-directed, with (po, + 63) > 0. 

3. Variational problems 
3.1. Non-degenerate invariant variational problems. 

Definition 3.1. Given an affine subspace A G P''(g), an invariant Lagrangian of type A is a 
smooth real- valued function L : A ^ M. 

An invariant Lagrangian L gives rise to a variational problem defined on the integral curves of 
the linear control system (^,0;). From this point of view the Lagrangian L is considered as a cost 
function. It is then an optimal control problem to minimize the cost 

C:T^ f r*{Luj) 
J J 

among the integral curves of {A,uj). If {A,uj) comes from a Frenet system (S', A, $) on the 
homogeneous space G/H then the Lagrangian L defines a geometric action functional C : S ^ M. 
acting on the space of the normalized curves of type S: 

£:7e5^ / L{K[j\^m]) dt. 
J7 
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Note that the geometric action functional £ depends only on the generalized curvatures of 7. 

Example 3.2. The simplest invariant variational problem for a Frenet systems is the arc-length 
functional, which is defined by a constant Lagrangian (see [7, 20, 22, 23, 12] for more details 
about the arc-length functionals for generic curves in the conformal and pseudoconformal three- 
dimensional sphere, in the real projective plane and in the affine plane). Another typical example 
of an invariant Lagrangian is the Kirchhoff variational problem for the Frenet system of generic 
defined by the action functional 

£ : 7 C ^ / + aT{u)) du. 



The extremal curves are the canonical lifts of the Kirchhoff elastic rods of M.^. When a = 0, we 
get the total squared curvature functional. Other examples of invariant variational problems for 
curves in M.^ have been considered in ref. [1!)]. 

Given an invariant Lagrangian L : A we construct the corresponding affine sub-bundle 

Z C T*{M) over the configuration space M ^ G x A. The fibre of Z over the point {g, Q) £ M 
is given by the affine space 



Z 



ig,Q) 



Note that Z is of the form G x Z, where 

Z^{iQ,r,)eAxQ* : (77; g) = L(g)}. 
The Liouville one-form ip is given by 

^\{g,Q,v) =T^*iv)\(.g,Q,,,), V(,9,Q,77)g Z, 
where tt : G x Z ^ G denotes the projection onto the first factor. 

Remark 3.3. Pick a basis (cq, ei, . . . , Ch, eh+i, ■ ■ ■ , e„) of g such that 

P = eo, o = span(ei, . . . ,e/j), w = 6*°, 

where {9^,..., 9") is the dual basis of g*. We use the following index range: i,j = l,...,h, 
a,b — h + I, . . . ,n. The map 

(5, k,X)eGx M'' X R" ^ (.9, eo + Fe^-, L(eo + k^ej)uj + \j{9^ - k^u) + Xa9'') e Z 

gives an explicit identification between G x R'' x R" and Z. With this identification at hand, the 
tautological 1-form can be written as: 

= {L{k\ ...,k^)~ y\j)uj + \j9^ + Xa9'\ 

Definition 3.4. An invariant Lagrangian i : A ^ R is said to be regular if the corresponding 
variational problem {A, uj, L) is regular i.e. if the Cartan system of \1/ = dtp, with the independence 
condition w, is reducible (see Definition A. 6). For a regular Lagrangian we denote by 1" C ^ the 
momentum space of the variational problem [A,uj,L). 

Remark 3.5. We have seen that all the derived systems of {A,u}) have constant rank. This implies 
that the extremal curves of a regular invariant variational problem are the projections of the 
integral curves of the Euler-Lagrange system on Y (c.f. [3]). 
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Proposition 3.6. Let L : A ^ R be a regular Lagrangian with momentum space Y. Then 
Y ^ G X T , where T is an immersed submanifold of A x q* . 

Proof. First we claim that the momentum space, Y, is G-invariant. To show this, for any g G G, 
we consider the submanifold g ■ Y d Z . The G-invariance of the exterior differential forms tJj, ^! 
and Lu implies that left translation Lg : Z ^ Z sends integral elements of (C(^'),a;) into integral 
elements of (C(*), w). Hence, for every point p & g-Y, there exists an integral element of (C(^),a;) 
tangent to g -Y. Since the momentum space Y is maximal with respect to this property, it follows 
that g ■ Y C Y. Thus the group G acts on Y. Since this action is free and proper, the quotient 
space = Y/G exists as a manifold. The natural projection tt : Y ^ T is constant along the 
fibers of the map (g, Q,ri) E Y ^ (Q, 77) e A x g*. Thus it induces a smooth one-to-one immersion 
j : ^ A X 0* . We conclude the proof by observing that the map (id, j) : G x !F ^ Y is a. smooth 
diffeomorphism. □ 

Definition 3.7. We call T the phase space of the system. Note that a point p G JF is of the form 
P = (Qi v)^ where Q G A, rj E g* . We define the maps 

A:(g,77)e.F^77€0*, 

7^ : (Q, r/) e jc- ^ Q e A C 0. 

We refer to A as the Legendre transform and 7i as the Hamiltonian. Let F(j)) :— Tp{J-) C a © 
be the tangent space of at p. We then define 

R{p) := dA\p[F{p)] C 0*, S{p) dH\p[F{p)] C a, Vp G T. 

Definition 3.8. A regular invariant Lagrangian L : A ^ M is said to be non-degenerate if the 
momentum space Y is odd-dimensional, of dimension 2m + 1, and if the restriction of the canonical 
2-form 4* to Y, '^y, has the property that u; A (^'y)'" is non-vanishing. 

Examples of invariant non-degenerate variational problems include the total squared curvature 
functional in two and three-dimensional space forms [r_', the Kirchhoff variational problem in 
M.^, the Poincare and the Delaunay functional [12, 16, 21], the projective, the conformal and the 
pseudoconformal arc- length functionals (cf. [7, 20, 22]). 

Given a non-degenerate variational problem, it follows that uj A (5'y)'" defines a volume form 
on Y, and that '^y is of maximal rank on Y. Therefore there exists a unique vector field ^ G X{Y) 
such that i^ (^'y) = and uj((_) = 1. 

Definition 3.9. ^ is the characteristic vector field of the non-degenerate variational problem 
iA,uj,L). 

If {A,uj,L) is non-degenerate then the Euler-Lagrange system is simply the Cartan system 
of the canonical 2-form restricted to the momentum space: £ = C(5'y). Therefore, for such 
variational problems, the integral curves of the Euler-Lagrange system are the integral curves of 
the characteristic vector field ^ (see ref. [12]). We therefore have 

Theorem 3.10. Let T : (a, 6) — > K be an integral curve of the characteristic vector field ^ of a 
non-degenerate variational problem {A, w, L). Then 7 = ttm o T : {a,b) M is a critical point of 
the action functional £.. 
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Proposition 3.11. If L is non- degenerate then the Legendre transform A : ^ g* is an immer- 
sion. 

Proof. Let ^ be the characteristic vector field of the momentum space. The Liouville form the 
canonical two-form 'J and the independence condition lo arc G-invariants, therefore the character- 
istic vector field is also G-invariant. Since Cl(g,p) G ^(s-p)^ — ffi F[p) ffi a© 0*, this imphes 
that there exist smooth maps : T ^ q and $^ : T ^ a® q* with the property that 

where G F{p), for allp e T. Since ^ satisfies the transversality condition 1 = a;(^) = (w; A^), 

then : ^ is a nowhere vanishing function. If we now consider {0} ® ker[ciA|p ] C F{p) 
then it is simple to check that every such vector lies in the kernel of the canonical 2-form Since 
this null-distribution is generated by ^, we therefore have 

{0} ® ker[dA|p] C span[A^(p) + $^(3)]. 

Since is non-vanishing, however, this holds if and only if ker [cJAjp] = {0}. □ 

From now on we will assume that the Legendre transform A is a one-to-one immersion, so 
that the phase space, JF, can be considered as a submanifold (not necessarily embedded) of g*. 
Consequently, we will think of the momentum space as an immersed submanifold of G x g*. The 
notation introduced in the preceding paragraphs can then be simplified as follows: 

• the Legendre map A is the inclusion of J- into g*; 

• the tangent space F{ri) of T at 77 G JF is a linear subspace of g* and R{r}) = ^(77); 

• the tangent space T(g is identified with g © F[rii) C g © g*; 

• the Liouville form and the canonical two-form on Y are the restrictions to Y of the Liouville 
form and the standard symplectic form on T*{G); 

• the characteristic vector field ^ can be written as 

where : ^ q and <I>5 : JF ^ g* are smooth functions such that ^^{ij) G F{ri), for all 

From now on, we will adhere to these simplifications. 

With this notation at hand, we may use the left-invariant trivialization of T(G) to identify the 
tangent space 

r(g,^)(r) - TgG (DT^J'^S® F(r/) C © 0*. 
We then have the explicit isomorphism 

A + ves®F{r])-^ A|g+w€T(g^„)(y), 

where A G g = Tid{G) and A\^ = (^g)* ^ ^ Fg{G). With this identification, the Liouville form -0 
becomes the cross-section of T*{Y) defined by 

^\ig,r,){A + v)^{j^,A), y{g,v)eY, VA + «Gg©F(ry). (3) 

Then, from the standard formula 

dijiX, y) = i {XmY)] - Y[ij{X)] - ^{[X, Y])} , 
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it follows that the canonical 2-form 'i' ~ dt/j E ri^(Y) takes the form 

{A + v;B + w) = -^{w; A) + \{ad*{A)rj + v; B), (4) 
for all T] e and for all A + v, B + w <E Q ® F{r]). 

Definition 3.12. Given a left-invariant l-form /i e g* , let C(^) C g* be the coadjoint orbit 
passing through fj,, and let 0{fi) := ad*{g)fi C g* denote the tangent space to the orbit 0{fi) at 
/X. The linearized phase portrait of the point rj € J- is the linear subspace n(?7) :~ F{r]) D 0{rj) of 
g*. The subset 7-'(/i) = J- D 0{^) is referred to as the phase portrait of /i e g*. 

The following result shows that the characteristic vector field ^ may be written in terms of the 
Hamiltonian 7i: 

Theorem 3.13. The characteristic vector field is given by 

i\(g,^)^n{ii)\g-ad*[n{ii)]ii, y{g,v)eY. (5) 

Proof. Given a point rj ^ T , we set 

Ann(F(77)) = {A C g : {v; A) = 0,Vw G F{r^)} 

and let 

p{r^) : Ann(F(77)) ^ 0(7?) 

be the linear map 

p{ri) : A e Anii{F{r])) ad*{A)rj e 0(r/). (6) 

It then follows from equations (3) and (4) that a tangent vector A + v E g®F{j]) to the momentum 
space Y at the point {g,ij) belongs to the kernel of if and only if 

A G p(,7)-i (n(r/)) , v^-p(rj)A. (7) 

We now let {go, ryo) G Y and let F : (— e, e) — > F be the integral curve of the characteristic vector 
field with initial condition r(0) = (go,VQ)- We write r{t) = {g{t),r]{t)), where g : (— e,e) G 
and 7] : {—e, e) ^ J- are smooth maps such that 

g{t)-'g'{t)dt^g*{Q)\t, g"\t)g\t) ^ A^[ij{t)], g{Q) = go, viO) = Vo- 

On the other hand ^ 

t G (-e, e) ^ {g{t), H[ri{t)]) G G x A = Af 
is an integral curve of the linear control system (A, to). We then have 

g*{e)\,^n[v{t)] g*{u;)\^^n[v{t)]dt\^. 

Therefore, we conclude that 

A^[7m^nm], vtG(-6,e). 

Since ^ belongs to the kernel of ^P, we conclude from equation (7) that 

$e[,7(t)] = -ad*[nirmMt), Vt G i-e, e). 
This yields the required result. □ 



■^It is a general fact that if tt : y — > M is the momentum space of a regular variational problem (X, uj, L) on the 
configuration space M and if F : (a, fe) — ► y is an integral curve of the Euler-Lagrange system, then 7 = tt o F is an 
integral curve of the Pfafiian differential system (X, oj) on M (see [!-!])■ 
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Definition 3.14. The phase flow is the flow of the vector field $j : e ^ —ad*[H{r])]j] G g*. 

Remark 3.15. We use the notation 0^ iPcMxJF^jTto indicate the phase flow. We observe 
the following facts: 

• the domain of definition V of the phase fiow is of the form 

V = {{t,,j)eRxT:te{e-iT^),e+{Tj))} 

where e' :T ^R' U {-oo} and e+ : ^ K+ U oo; 

• For every 77 G JF, the curve 

0^ : (e-(77),e+(7?))-.,/)^(<,77) 

is the maximal integral curve of $^ with the initial condition 0,,(O) = rj; 

• $4(77) £ n(?7) and (/>,,(i) G Viij), for every £ T and every t G (6^(77), £+(7?)); 

• if we fix a point (go, rjo) £Y = GxT, then the maximal integral curve of the characteristic 
vector field ^ with the initial condition {go,riQ) is given by 

:tG (e (77o),e+(?7o)) -> (/i( 
where /i(gQ,r;o) ^-^^^ (unique) solution of the equation 

h-'h' ^H[(l)r,„it)], /i(0)=.9o; 

• We set V = {{t; (p, 77)) G M x F : t G (6^(77), £+(7/))}. The flow T of the characteristic 
vector field ^ is the local 1-paramcter group of transformations T: VcM.xY^Y given 

by 

r{t,g,7j) = (V„)(t),(/)(t,7y)), V(i; (.9, 77)) G P. 



Remark 3.16. The phase flow 0^ :'D ^ T satisfies the Euler equation 

^-ad*[n[c^^{t,iM<Pi{t.v). cf>dO,v)=V. V(<,77)GI?. (8) 



dt 



If there exists a G-equivariant isomorphism = 0*, then we can identify q and 0*. (For example, if 
G is semisimple, then take the pairing defined by the Killing form of g.) Using this identification, 
the Euler equation can be written in the Lax form 



dt 



H[Mt,Tj)],cl)^{t,Tj) , 0^(0,77) =77, V(t,77)GP. 



Definition 3.17. We denote hy Ts = {rj E T : $5(77) = 0} the set of all fixed points of the phase 
flow and by J> the complement of J-s . We call J-^ and J-r the singular and the regular parts of 
the phase space, respectively. We call E = G x JF, c F the bifurcation set and refer to = F \ S 
as the regular part of the momentum space. The intersection Vrin) = TrC\ 0{^) C V{ij,) is called 
the regular part of the phase portrait Vdij. The connected component V{fi) of Vr{p) containing 
fi is referred to as the reduced phase portrait of fj,. 

The following result, which may be verified by applying the uniqueness theorems for ordinary 
differential equations, characterises integral curves of the characteristic vector field that intersect 
the bifurcation set: 



COISOTROPIC VARIATIONAL PROBLEMS 



15 



Proposition 3.18. Let p = (5,'?) (z T. be a point of the bifurcation set. The integral curve 
r^(— ,p) : M Y of the characteristic vector field ^ passing through p is the orbit of the one- 
parameter subgroup generated by Ti.{r]): 



This result implies that if (.4, uj) comes from a Frenet system of curves in G/ H , then the curve 
7 C G/H of type S that corresponds to T^{~,p), where p e S, has constant curvature (i.e. 
Kj = constant). 

Since this result completely characterises the behaviour of integral curves that intersect the 
bifurcation set S, we shall henceforth restrict our attention to the regular parts of the phase space 
and momentum space. Therefore, to simplify the notation, T, Y and 'P(/x) will be used to denote 
the regular parts of the phase space, the momentum space and the phase portraits, respectively. 

3.2. The Poincare variational problem for isotropic curves in M*^^'^^. We now return to our 
example of isotropic curves in M'^'^^ considered in Section 2.3. Let m be a non-zero constant and 
consider the variational problem on the space V of parametrized integral curves F : i e (a, 6) — > 
{g{t),k{t)) e G X R of the Pfaffian system (.4,0;) defined by the action functional 



Geometrically, this amounts to an analogue of the Poincare variational problem where we minimize 
the arc-length functional (defined by the integral of the canonical line-element of the null curve) 
amongst normalized null curves a C M^^'"'^' subject to the additional constraint that the integral 
of the curvature k along the curve be held constant. 

The afBne sub-bundle Z C T*{M) is given by M x Z where Z C fl* is the submanifold 
consisting of all {Q{k), rj) E A00* such that (77; Q{k)) = 1 + mk. (See Section 2.3 for the definition 
of the map Q : K ^ g.) Therefore {Q{k), 77) belongs to Z if and only if 



T^it,p)^iExp{Hiv)t)g,7j), VteM. 




?; = ?7(fc, Ai, . . . , As) := (1 + mk) uj + A177I + X^rj^ + X^^rj^ + A4?;^ + X^rj^ , 



where Ai , . . . , A5 G M. For simplicity, we identify Z with G x by means of the map 



(.g:A:,Ai,...,A5)eGxM6 



(.g,Q(fc),77(fc,Ai,...,A5)) e Z. 



Thus the Liouvillc form on Z is given by 



ii) = {l + mk) UJ + Ai77^ + X2if + A37/^ + A477^ + A.577'^. 



From the structure equations (1), we find that 



\E' = 77i7r A cj - (1 + itlk) 77^ A cj + ^ dXa Ar]" - Aitt A cj + A2 (k77^ - 77^) A w 

+ A3 (277^ - KT]'^) A CJ -t- A4 (k77^ - 7/^) a W -t- A577'' A LU, 

where "I* := dip and where = denotes equality modulo span({77" A il^}a,0=i,...,5) ■ Let 



denote the parallclization of Z dual to the coframing 



uj,r]^, . . .r]^,dXi, . . . ,c?A5,7r) 
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a 


= (to — 


Ai) dk, 


a 


= (to — 


Xi)uj, 


Pi 


= fiAi H 


^ X2UJ, 


P2 


= dX2 H 


-{1 + mk - 2A3) w 




= dX3 H 


- (A4 - fcA2) w, 


Pi 


= fiA4 H 


- (/jAa — A5 — /c) 


P5 




- A:A4W, 



Wc then have 

ig^^-^ = r]\ i = l,...,5, 

along with 

ig^^ = -a, is„* = -/3, ia_,* = -/?i, i = l,...,5, 

where 

(9a) 
(9b) 
(9c) 
(9d) 
(9e) 
(9f) 
(9g) 

and where = denotes equahty modulo span (77^, ... 77^). From these equations, we deduce that the 
Cartan system (C(^'), ui) is generated by the differential 1-forms (77^, . . . , 77^, a, P, Pi, . . . , P^). 

Theorem 3.19. The momentum space, Y , is the ^-dimensional sub-manifold of Z defined by the 
equations 

A2 = Ai — TO = A3 — - (1 + mk) = 0. 

and the Euler- Lagrange system {£,i-u) is the Pfaffian differential system on Y with independence 
condition uj generated by the linear differential forms {^q^ , . . . , 77^, cri, (T2, (73) where 

m /I \ 

(7i = —dk + A4W, (72 = iiA4 — f A5 + -fc (f — mk) \ uj, 173= dXr-, — kX^uj. 

Proof. We let Vi C T{Z) be the sub-variety of 1-dimensional integral elements of the Cartan sys- 
tem (C(5'), uj) and denote by Zi C Z the projection of Vi under the bundle map T{Z) Z. From 
equations (9a) and (9b) we then deduce that Zi is the submanifold defined by Ai = to. Denote by 
C(5')i the restriction to Zi of the Cartan system. Then C(5')i is generated by the linear differen- 
tial forms (77^, ... , 77^, A2W, p2, . . . , P5). We then consider the sub-variety V2 C T{Zi) consisting of 
integral elements of (C(5')i, w) and let Z2 C Zi denote the projection of V2. We therefore have that 
Z2 is the sub-manifold of Zi defined by A2 = 0. Denote by C{^)2 the restriction to Z2 of C(^')i. 
Then C('I')2 is generated by the linear differential forms (77^, . . . , 77^, (1 + mk — 2X3) uj, P^, P4, P^). 
We proceed as above and let V3 C T{Z2) be the sub-variety of integral elements of {C{'^)2,'jj) 
and define Z3 C Z2 to be the image of V3 under the projection T{Z2) Z2. It follows that 
Z3 is the sub-manifold of Z2 defined by the equation A3 = ^ (1 + mk) and that the restriction 
C(\l/)3 of C(f^)2 to is the Pfaffian differential system generated by (77^, . . . , 77''' , cti , 0-2 , 0-3 ) • If 
we let V4 C T{Z-^ be the set of integral elements of (C(^')3,a;) then the bundle map V4 — > Z3 is 
surjective. Hence Y ~ Z-^ and (C(^')3,cj) is the reduced space of (C[f^),ijj). □ 

Corollary 3.20. The momentum space Y associated with the Poincare variational problem for 
isotropic curves in M^^'^^ is the rank-3, affine sub-bundle Y — G x J- <Z T*{G) = G x g* where 
J- d g* is defined by 

^ — 2 (^^ ^ ^1) ^ ^^2 + span (loI — lo^ , oj"^ , oj^) . 
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The variational problem is non-degenerate, and the characteristic vector field takes the form 

^ = - —dk - X4dx, + (X5 + Ik (1 - mk)) Ox, + kX^dx,. (10) 

TO ' \ Z J 

Proof. It follows from the preceding theorem that the restriction of the Liouville to the momentum 
space takes the form 

ipY = (1 + rnk) UJ + TO?;^ + — (1 + m/c) rf + X-jf + A577^ 

= i (cjl + UjX) + muj\ + ^{ujf- LU^) + XiUj'^ + X5LU^. (11) 

The form of Y and follow directly from this equation. The dimension of Y equals 9, and a 
straightforward calculation shows that 

LO A (fy)"* = -12 tj A dfc A dA4 A dX^ A ?/ A t?^ A 77^ A 77^^ A rj^ , 

which is nowhere vanishing. Hence the variational problem is non-degenerate. The form of the 
characteristic vector field follows from a direct calculation. □ 

Remark 3.21. Since the variational problem is non-degenerate, the Euler-Lagrange system £ coin- 
cides with the Cartan system of 4'. The characteristic line-distribution S C T{Y) of ^ is transverse 
to the independence condition uj, and is generated by the characteristic vector field ^. 

Remark 3.22. Using the explicit form of the Liouville form, we may identify Y ^ G x M^, where 
(fc, A4, A5) serve as coordinates on R'^. The explicit form for the characteristic vector field and the 
1-forms 77* and uj then imply that the map Ti. : Y g is given by 

/o o\ 

1 fc 



H[77(fc,A4,A5)] 



1 fc 

yo 1 oy 



A smooth map F : (a, &) — > K is an integral curve of the Euler-Lagrange system if and only if 
it satisfies 

r(77')=0, j = l,...,5, 

r*(a,) = 0, « = 1,2,3, 

with the independence condition 

r* (cj) ^ 0. 

Without loss of generality, we may choose a parametrization of our integral curve such that 

r* {uj) = dt. 

In this case, we may write F : t G (a, 6) ^ {g{t),k{t),X4{t),X^{t)) e Y = G x M.-^. From these 
relations, and the explicit form of the differential forms 77* and Ci, we deduce the following result. 

Proposition 3.23. The smooth map F : (a, 6) —^ Y, parametrized such that F* (lo) = dt, is an 
integral curve of the Euler-Lagrange system if and only if the real-valued functions k{t), Xi{t), X5{t) 
satisfy the relations 

dk 2X4 dX4 A 1 , ,,\ dX5 ,, 
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and g(t) ^ G is a solution of 



/o \ 

1 k{t) 

1 k{t) 

yo 1 y 



(13) 



Remark 3.24. Although, in the present case, the Lie group G is not scmi-simplc, it is naturaUy 
embedded in SL(4,]R). Using the KiUing form on sl(4,]R) we deduce that the Euler equation (12) 
may be written in Lax form: 

where 

/ 

i (1 + mk) -A4 


-m 



L(fc, A4, A5) 



V 



i (1 - mk) 







\ 


-A5 








-As 


. — mk) 


A4 ) 



Proposition 3.25. // F : {a,b) —t Y is an integral curve of the Euler- Lagrange system, with 
F* [lj) = dt, then the curvature k{t) satisfies the third order ordinary differential equation 

d^k , dk dk 

m—r - 3mk— + — = 0. 14) 
dt^ dt dt ^ ^ 

Conversely, any non-constant solution k : (a, 6) ^ R 0/ this equation determines a parametrized 

integral curve of the Euler- Lagrange system, unique up to the action o/E(2,l). 

Proof. Equation (14) for k{t) foUows directly from (12). Conversely, given a solution of (14), we 
can uniquely reconstruct A4(i),A5(t) from (12), and g{t) is determined, up to initial conditions, 
by (13). □ 

Remark 3.26. Under the identification q* ^ R^^'^^ ©R^^^^) introduced in Section 2.4, the Liouville 
form (11) maps to (p, w) G R^^'^^ eR^^'^) where 

p = -Asei + A4e2 - ^(1 - mk)ey,, v = -^(1 + mk)ei + me^ 

and {e^} is the standard basis of R'^'^^. The Casimir operators therefore take the form 

Ci^llpf = Al-A5(l-mfc), C2 = {p,v)^mX5-^{l-m^k^), (15) 

and are constant along integral curves of the Euler-Lagrange system. 

The explicit form of the Casimir operators implies the following result. 

Proposition 3.27. // F : (a, 6) —^ Y , parametrized such that F* (lo) = dt, is an integral curve 
of the Euler-Lagrange system then the curvature k{t) satisfies the first order ordinary differential 
equation 

/ dk\^ 1 1 1 

\^] = fc' - -A:' - ^ (4C2 + 1) + — (4mCi + AC2 + 1) . 
\dt J m m'' 
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Remark 3.28. Letting h{t) j (k — j—), wc deduce that h satisfies 



3m 

where 

1 1\ 1 /mCi 6*2 1 



.92 — — 2 '-^2 + -r , 53 - o , , , 

\ 3/ m'^ \ 4 6 27^ 

Hence the curvature k and the functions A4, A,5 corresponding to any solution of the Euler-Lagrange 
system may be expressed in terms of Weierstrass elhptic functions with invariants 527 <?3- 

Remark 3.29. A short calculation using the explicit form of rj = ^py given in (11) and the coadjoint 
action of g on g*, which can be derived from (2), shows that in the present case the linearised 
phase-portrait 11(77) = F{'n)^0{vi) is one-dimensional, and is spanned by the vector ad*\H{rii)\-q = 
A4 (wj — uj^) — (A5 + ifc (1 — mfc)) Lo^ — kX^u)^. Hence the regular parts of the phase portraits are 
one-dimensional in the current problem. We now introduce a more general class of variational 
problems for which this is the case. 

4. COISOTROPIC VARIATIONAL PROBLEMS 

Consider a smooth manifold M equipped with an exterior differential 2-form '5. The kernel 
of X will be denoted by N['^)x. Suppose that a Lie group G acts on M. Denote by the 
fundamental vector field on M corresponding to A G g and, for each x £ M, let Q^{AI)x C Tx{M) 
be the vector subspace {A| : A e g}. We denote by q^{M)-^ the polar space of Q^{M):c with 
respect to ^ x'. 

Q\M)i^ := {v e Tx{M) : («, A«) = 0,VA« e g«(M)4 . 

Definition 4.1. The action of G on M is coisotropic with respect to ^' if 

g«(M)^ C fl«(A/), + 7V(«')„ V.T e M. 

Remark 4.2. The notion of a coisotropic action arises naturally when studying collective complete 
integrability of Hamiltonian systems (see [13, 14, 25]). 

Definition 4.3. An invariant Lagrangian L : A ^ R is said to be coisotropic if it is non-degenerate 
and if the action of G on the regular part of the momentum space Y is coisotropic with respect 
to the restriction of the canonical two-form to Y. 

(Recall that we are now using the notation Y, T and 7'(/i) to denote the regular parts of the 
momentum space, phase space and phase portraits, respectively.) 

Proposition 4.4. A non- degenerate invariant Lagrangian L : A ^ R is coisotropic if and only if 
the linearized phase portrait 11(77) ^•s spanned by ad*[Ti.{ri)]ri, for every rj £ T . 

Proof. Using the left-invariant trivialisation. we find that the polar space of g''(i^)(g,,,) is given by 

g(r7)^ sHi")^,) = {A + VeQ® F{r^) : V = -ad*{A)Ti}. 

First, assume that L is coisotropic, i.e. 

g(r7)^ C g + span(7^(r/) - ad* [H{ji)]r^) . 

Let V G n(r7). Then V G F(?7) and there exists an A e g such that V = -ad*{A)r]. Then A + V 
belongs to g{r])^ and hence V must be a real multiple of ad*[H{r])]r]. 
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Conversely, assume that 11(77) is spanned by ad*[H{ri)]'r]. Given any element, A + V, of the 
polar space 0(77)^, then V E n(?7) so there exists s G R such that V ^ s ■ ad*[Ti.{ri)]i'i. Therefore, 
we can write 

A + V^-s {H{v) - ad*[H(T]M + {A + sH{r])) . 
Since A + sTi.{r]) is an element of g, it follows that A + V E g + span {H{ij) — ad* [H{?])]ri) . Therefore 
g(??)"'" C g + span (7^(77) — ad* [Hii])]!]) , as required. □ 

Remark 4.5. Note that if 77 e then 11(77) is 1-dimcnsional and the map ^(77) : Ann(i^(7])) 0{if) 
defined in (6) is injectivc. 

Proposition 4.6. Let L : A ^ M be an invariant coisotropic Lagrangian and let Y ^ G x be 
the corresponding momentum space. Suppose that T is non empty, we then have: 

• dim(y) = dim(G) + rank(G) + 1; 

• the regular part of the phase space, T , intersects the coadjoint orbits transversally; 

• The regular parts V{fi) of the phase portraits are smooth and I -dimensional; 

• Every rj E J- is a regular element of g* . In particular, the isotropy group Gr/ and the 
isotropy algebra g^ are Abelian. 

Proof. For each ?/ E T , let ^(77) be the dimension of the isotropy Lie algebra g,,. Note that 

dim(i^(77) n 0(7;)) = 1, dim(0(77)) = dim(G) - fc(77), dim (Ann(F(?7))) = dim(G) - dim(F(7y)). 

We then have 

dim(F(?/)) + dim(0(?7)) - 1 < dim(G), 
which in turn implies that dim(jF) < fc(77) + 1. On the other hand, from the injectivity of the map 
^(77) : Ann(F(7;)) 0(??) it follows that ^(77) < dim(jF). Therefore we have 

k{r\) < dim(J^) < ^(77) + 1. 

Notice that dim(G) + ^(77) is even and that dim(y) = dim(G) + dim(jF) is odd. Thus, we must 
have fc(77) + 1 = dim(.7-'). In particular, k{ri) ^ k is constant and 

dim(y) =dim(G) +k + l. 

This implies that 

dim(g) = dim(F(77)) + dim{0{r]j) - 1. 
Thus JF intersects the coadjoint orbits transversally. Since dim(F(77)) n 0{ri)) = 1, it follows that 
7^(77) = J^r\0{ri) is a smooth curve such that T,f[P{r])] = n(?7). Moreover, from the transversality 
condition, it follows that T cannot be contained in the set g* of the singular element of g*. Thus. 
T D Q* is non-empty. Therefore, there exists a,n rj G T such that k = k{ri) = rank(G). This gives 
the required result. □ 

Remark 4.7. The regular part of the phase space, T , is foliated by the nowhere vanishing vector 
field $5 and the leaves are the phase portraits. Furthermore, if A" C .F is a local section of such a 
foliation then X is also a local section of the coadjoint representation. 

Definition 4.8. Let L : A ^ M be a coisotropic Lagrangian. The moment map J : Y ~* q* oi 
the Hamiltonian action of G on Y is defined by 

J{g,ri)^Ad*{g)i^, y{g,v)eY 
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Proposition 4.9. Let L : A ^ R be a coisotropic Lagrangian. Then 

• J{Y) C s;; 

• J : Y ^ g* is a submersion; 

• J~^(fJ,) is a {k + 1)- dimensional submanifold ofY such that 

= kei-[dJ|(3,,,)] = span[^|(g_,,)] +0^. 

so that the characteristic vector field tangent of J^^{fi), and acts freely and 

properly on J^^(/i). 

• :~ J^^(ii) /G ^ is a one- dimensional manifold and J^^{ii) Y^ is a principal 
bundle. 

» Y^= V{fJ.), the phase portrait. 

Proof. From Proposition 4.6 we k;now tliat eacli 77 € is an clement of g*, and licncc J{g, rj) £ g* 
for all (g, rj) Cz Y . The differential of the moment map is given by the formula 

{dJ\^g^,j-)iA + V);B) = {ad*{A)7j + V;B), VA + y e g ^(77), VB G g. (16) 

This implies that 

Im[dJ|(,.,)] =^^(77) + 0(ry), 

for all rj Cz Since J- and 0{ri) intersect transversally, this implies that J is a submersion. There- 
fore J^^(/i) is a sub- manifold of Y and the tangent space r(g^^) [J^^(/x)] is naturally isomorphic 
to ker[ciJ|(g From the formula (16) and the fact that the Lagrangian is coisotropic, we deduce 
that 

ker[dJ|(g^^)] = span[^|(g^^)] + g,j, 

for all rj G as required. Note that this relation implies that the characteristic vector field ^ 
belongs to ker [dJ], and therefore that ^j^^ is tangent to J^^{ji). We shall denote the restriction 
of ^ to the fibre J~'^{n) by . 

The isotropy group G^ acts on J~^{ji) by (g, ?/) H^■ {hg, rf) for each h e G^. This action is clearly 
free and proper, so the quotient space V^i := J^^(p)/Gp, exists as a one-dimensional manifold. The 
map 

■■ i9,v) e J'\i^) [{9,v)] e 

gives J^^{ji) the structure of a principal fibre-bundle with structure group G^. Moreover, the 
vector field is horizontal with respect to the fibration J^^(/i) Y^. 
We also consider the fibration of J^^{fi) over 7'(/i) defined by 

■■ i9,v) e J'\ti) ^ 'y e ^(/^)- 

The structure group is again the isotropy subgroup G^,. Furthermore, tt^ is constant along the 
fibers of the fibration tt^, and therefore descends to a diffeomorphism of Y^ onto VifJ,). □ 

Definition 4.10. We adopt standard terminology, referring to as the Mars den- Weinstein 
reduction of Y at /j,, and to tt^ : J~^(ji) Y^ as the Marsden-Weinstein fibration at ji. We may 
consider tt^ : J^^{ji) Yf^^ as a principal G^j bundle over Y^, where the right-action of G^ on 
J~H/x) is given by Rh{g,v) = {hg,r]), for all h e G^, for (5,77) e J^Hm)- 



22 



EMILIO MUSSO AND JAMES D.E. GRANT 



Definition 4.11. Let /i e J{Y). The restriction of the Marsden-Wcinstein fibration J^^{fj,) to 
the reduced phase portrait is said to be the reduced Marsden-Weinstein fibration. We shaU 

denote this fibration by tt^ : P'' ^(a*)- 

Remark 4.12. The vector field (f>j : 77 1-^ —ad*['H{r])]ri is tangent to the phase portraits. We denote 
by the restriction of (f>^ to VifJ,). Note that the vector fields and (f>^' arc related by the 
fibration n^, : V{fi). 

Remark 4.13. On the reduced phase portrait V{fi) there exists a unique nowhere vanishing 1-form 
CT^ such that (7''($^') = 1. Take 77 € Vd-i), then the integral curve : (£^(77), £+(77)) ^ g* is a 
maximal parametrization of 'P{fJ.) such that (/)*(cr^) = c?t. 

Definition 4.14. On we consider the g^-valued 1-form 6"* defined by 

:=Ad(g) (e-7i<7^). 

This defines a connection on the reduced Marsden-Weinstein fibration ^(m)- We call 0^ 

the canonical connection of the reduced Marsden-Weinstein fibration P^ ^ Tip)- 

4.1. Isotropic curves in M'^^^^ In the case of our problem for isotropic curves in R^^'^\ we have 
defined a map 

E3-^0*-R(2>i)©m(24)^ y^{k,\i,K)^{p{y),v{y)), (17) 



where 



-\{l + mkf 
P=\ A4 I , v=\ 




Given the form (10) of the characteristic vector field ^, we see that the regular part of the phase 
space T is given by the complement of the set of points with 

A4 = 0, A5 + ^ (1 - 777,A:) = 0. (18) 

To show that the action of IE(2, 1) on the regular part of the momentum space, y, is coisotropic, 
we consider a general vector field on Y: 

Z^— + Z^— + Z"— + X'— + Y^—+ Y^— + y3 ^ 
dk 8X4 8X5 duj^ dujj dojf duj\ 

This vector field lies in ci(F)^|, , , , > if and only if 

jZ' = ^^il-mk)Y' -XiY^, (19a) 
= ^ (1 - rnfc) y-"' + AsF^ (19b) 



and 



Z^ = XiY^ - AsF^ (19c) 



-i (1 - mk) + X^X^ - mY^ + ^ + ™'^) = 0, (20a) 
-A4XI - AgX^ - ^Z^ ^ ^ (1 + = 0' (^^O"^) 

(1 - mk) X^ - XiX'^ + mY^ = 0. (20c) 
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If {k, A4, A5) lies in the regular part of T then conditions (19) and (20) are linearly independent. 
Therefore in this case 

dimg(y)^ = 3. 

It is easily checked that the characteristic vector field ^ belongs to g{Y)-^, as do the following 
vector fields: 

d d 1 d 

Hence we have that 

g{Y)^ = span(^, Si, S2) C span(0 © 0. 
Hence the action is coisotropic. 

The momentum map and the basic invariants: From the form of the coadjoint action of 
E(2, 1) given earlier, we deduce that the moment map takes the form 

J{g; y) = {Ap{y), Av{y) - {Ap{y)) x Q) , 

for all g = {Q,A) e E(2, 1). Note that J{Y) C g*. The basic invariants, which correspond to 
constants of motion of the system, are the Casimir operators 

Ci{9,y) ■.= \\p{y)f = Xl-X5{l-mk), 
C2{g, y) {p{y). v{y)) ^ mX^ - ^ (1 - m-^fc^) • 
If we choose p, = (mi,m2) G gj;, where mi, mi e IR^^'^\ then J^^{fi) is the set 

XI ^^k^-^e-{\^ + f llmilP + i + i-^) , (21a) 

(21b) 



4 4 \4 ■ ^ ^'y V 4m 4 



XB = -{-Al-m^k') + {mi,m2)] 
m \4 / 



If we perform the substitution 



4\2/3 1 

k^[-] X+^, (22) 
m I Am 



then the first equation becomes the cubic relation 

A4-4x'-52X-53, (23) 
where we have defined the "modified Casimirs" 

52(mi,m2) = (^^^ Q + (mi,m2; 
53(mi,m2) = - ( i|mi|p + -^(mi,m2) 



3m 27m y 

Parametrization of the phase portraits: We define the discriminant of the cubic polynomial 
appearing in equation (23) 

D(mi,m2) = 27gl - gf. 
There are two non-degenerate cases that we must consider. 

Case I: D(mi,m2) > 0: In this case the cubic polynomial has one real root and two complex- 
conjugate roots. We may parametrise the curve by taking x(0 = p(^; 52,^3) with t G (0,2wi) 
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where 10^^102 and C1J3 = i (wi +^2) are the half-periods of the p function. From (22), we then 
find that k may be written in terms of eUiptic functions and, solving (21) then gives A4 and A5 in 
terms of elliptic functions. 

Case II: D{mi,m2) < 0: In this case the cubic polynomial has three distinct real roots, and 
the curve (23) has two disjoint components. The "compact" component may be parametrized by 
xit) = psit; g2, gs) ■= p(i + wa; (72, 53) with t G M. This solution is periodic, with period 2uji. The 
"unbounded" component of the curve is parametrized by x(i) = p(t; 52, 53), t G (0, 2a;i). 

In the degenerate cases where the discriminant vanishes D ~ 0, the cubic is singular, and our 
curve is rational. In this case, the p and pa functions degenerate into elementary functions. 

5. Integrability by quadratures 

Proposition 5.1. The integral curves of the characteristic vector field with momentum fi G J{Y) 
are the horizontal curves of the canonical connection 9^ on . 

Proof. Consider a horizontal curve F : (a, h) of the canonical connection. We write F(t) — 

{h{t),rj{t)), where h : {a,b) ^ G and 77 : (a, 5) 'P(/^) are smooth curves. Without loss of 
generality we can assume that if{a'^) ~ dt, so that 

V'{t) = ^^ ^ -ad*[nivit)Mt), ViG(a,6). 

Since F is horizontal, we then have 

= r*{en = g{t)ih-'{t)h'{t) - n[vmg{tr' dt. 

This implies that F'(t) = C|r(t), foi' aU t G (a, b). 

Conversely, if F : {a,b) ^ Y is an integral curve of ^ with momentum jj. then T{t) G P^, for all 
t G (a, b). Furthermore, we know that 

r'it) = niTj{t)) - ad*{n{Tj{t)Mt). 

Thus h-\t)h'{t) = n[7]it)] and hence T*[e^'] =0. □ 

Since the structure group of the Marsden-Weinstein fibrations is Abelian and the base manifolds 
are 1-dimensional, the horizontal curves of the canonical connection can be found by a single 
quadrature. The explicit integration of the horizontal curves requires four steps: 

• Step one: take a smooth parametrization 77 : (a, 6) — > V{pL) of the phase portrait. 

• Step two: compute : (a, 6) ^ M such that ri*{a^^) = v^^dt. 

• Step three: take any map g : {a,b) ^ G such that {g^^, rf) : (a, 5) — > F is a cross-section 
of the reduced Marsden-Weinstein fibration tt^ : P^ ^(/")- This involves solving the 
equation 

Ad*{g(tr^)f^{t)=iJi 

for g{t). 

• Step four: compute the gauge transformation 



hit) = Exp 



to 



{g-\u)n[Ti{u)]g{uy\u)+g-\u)g'{u)) du 



yteia,b). (24) 
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Note that the fact that (g(t) ^,ri{t)) is a section of tt^ : along with the 

definitions of n[T]] and u'' imply that g-'^{t)n[T]{t)]g{t)vt'{t) + g-^{t)g'{t) G for aU 
t e (a, b). Hence e G^, for aU t e (a, b). 

Conclusion: the image of the curve F : {a,b) Y defined by 



is contained in P'' and F is horizontal for the canonical connection 9'^. Any horizontal curve of 
arises in this way. 

Remark 5.2. In the case where the symmetry group G is a classical matrix group, with G C Aut(X^) 
for V a finite-dimensional vector space, and the Lagrangian is a polynomial function, then we have: 

• The phase space !F is an algebraic subset of g*. 

• The generic coadjoint orbit is defined by polynomial equations Fj{T]) = 0,j = 1,. . . ,k, 
where k is the rank of g and where Pi, . . . , Pfc is a basis of the A(i*-invariant polynomial 
functions g* R. 

• The phase portraits are real-algebraic curves. 

In the simplest cases the phase portraits are rational or elliptic curves, so they can be easily 
parametrized by means of elementary or elliptic functions (see the examples considered in refs. [5, 
12, 16, 20, 21, 22, 23]). The third step in the construction above can be treated in a rather easy 
way if 2 is semi-simple and if the momentum is a regular semisimple element of g*. In this case 
the construction of a cross-section of the Marsden-Weinstein fibration is a linear-algebra problem 
involving the structure of the Cartan subalgebras of g. 

Definition 5.3. Consider fi G J{Y). We say that is a complete momentum if e^{r]) = —oo and 
£+(77) = 00 for some (and hence for all) 77 e P(/i). 

Proposition 5.4. If (J- € J{Y) is a complete momentum, then the connected components of the 
reduced Marsden-Weinstein fibration ^(a*) 'J'^e Euclidean cylinders and S,'^ is a linear vector 

field. 

Proof. Let Q{n) be a connected component of P^ and let 77 : M ^ P{l^) be an integral curve of the 
phase flow that parametrizes the reduced phase portrait. Since K is contractible, Q{fJ,) -P(/^) 
is a trivial fiber bundle. This implies that there exists a smooth map g : R ^ G such that 
(5^^,77) : M ^ G X P(/i) is a cross-section of Q{fi) P{p)- Fix (.go,??o) G <3(m) and let <o G K 
such that 77(fo) = 770 and consider the curve ^(go.r^o) '■ ^ ^ Q(m) defined by 



Then, l^{go,rio) is tlic integral curve of with initial condition ^{go,r]a)ito) — (goiVo)- This shows 
that the restriction of the vector field to Q{fi) is complete. Now fix a basis (ei, . . . , e^) of g^ and 
let e}, ... , ej, denote the corresponding fundamental vector fields on Q{fi). Then {^^, e}, . . . , e^} is 
a set of complete, linearly independent and commuting vector fields on Qf^ . It is then a standard 



r{t) = {h{t)g{t)-\r^{t)), Vte(a,5) 



(25) 



r(go,^o) W = {go9{to)k{t), 77(0), Vt e R, 



where 
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fact that is a (fc + l)-dimcnsional cylinder, that is Q{fi) = M.'^^^ /K, where K C R*''+"'^ is a 

subgroup of M'^+^ generated over Z by to < + 1 hncarly independent vectors ai, . . . , am- 

The vector fields {^'^, e}, . . . , ej,} are then the push-forward of linear vector fields bo^bi, . . . ,bk on 
■[^fe+i^ This yields the required result. □ 

Remark 5.5. If is compact and the isotropy subgroup is compact, then the connected 

components of the reduced Marsden-Weinstein fibration are (fc + l)-dimensional tori. 

5.1. Cross-sections of the Marsden-Weinstein fibration for isotropic curves in R*^^'^^. 
Finally, we show how the above integration procedure may be carried out in our example. 

Given y = (fc, A4,A5) € R^, we have defined the vectors {p,v) e R^^.i) © R(2.i) g*. With 
respect to the standard basis (61,62,63) for R^^'-'^' these take the form 

^ . 1 ^ - 1 

i=l i=l 

Letting /.j = (mi,m2) G ImJ C g*, we wish to construct the map g : (a,6) C R ^ G with the 
property that {g^^,rj) is a section of the reduced Marsden-Weinstein fibration tt^, : ^(m)- 
We must consider separately the cases where the coadjoint orbit is of positive, negative or null 
type. 

Positive type: For an orbit of positive type, where Gi = WpW^ > 0, we may assume, up to the 
action of G on 0{fj.), that /.j = (mi,m2) is in the standard form: 



mi = V Gi 



where G2 := {p,v). 

We now wish to construct g = (Q, A) E E(2, 1) with the property that 

V = {P,v) = Ad*(.g)/x. 

Since \\p\\^ > 0, we may define a the R^^'^^-valued map 



/GT Ml' 

with the property that ||^2|P = 1- We can now complete A2 to a frame field (^1,^2, A3) by 
adding any R^^'-^^-valued functions Ai, A3 with the property that 

{Ai, Aj) = Qij, i,j = 1, 2, 3, 

and we fix the orientation of this basis by the requirements that 

A2xAi = Ai, A2 X A3 = -A3, A3xAi = A2. 
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More explicitly, wc can define the vector S = A4ei + (A5 — i (1 — mfc)) £2 — ^463, with the 
property that (p, S) = 0. We then define A = (Ai, A2, ^3) : -P^ ^ S0(2, 1) by 

1 / p 5 S* 

1 f p s s 



V2\\\P\\'' \\S\\ \\S\\ 



Defining the map Q : Pf" R^^.i) by 



= A2XV ^ Ai T-n^^3' 



we let 

5:= iQ,A):P^^n^i). 

It then follows that {p, v) ~ Ad* (g)^, as required. Therefore the map (p, v) G — > (^(p, v)~^, {p, v)) G 
is a cross-section of the Marsden-Weinstein fibration. 

Negative type: For orbits of negative type we have Ci := < 0. We treat the case where the 
vector p is future-directed, although the past-directed case may be treated similarly. The standard 
form of elements in this case is /i = (mi, tn2), where 

mi = \l ^—^ I U I , m2 = -- '^^ 




To define a suitable basis, we fix a vector 5 G M*^^--^) with \\S\\^ = 1 and {p, S) = 0. (For example, 
the vector S = 62 + p^ /p^ei.) We then define a basis 

Ai = ^(p-,X5), M = S, A3 = ^(. + PX^). 

Letting A := (^1,^2,^3) e S0(2,l), and 

Q--=i7nP'^'^^ = ^1 - ^3)^2 - (w, A2) (Ai - A3)) , 

|Oi| V2|<^i| ^ ^ 

we then define g :— [Q^A). It follows that -q — Kd*{g)^, and hence that the map (p, w) 1-^ 
((/(p, f)^^, (p, f)) is a cross-section of the Marsden-Weinstein fibration. 

Null type: Finally, orbits of negative type have Ci := = with p 7^ 0. Again we treat the 
case where the vector p is future-directed, the past-directed case being similar. In this case, we 
may use the action of E(2, 1) to reduce ^ = (mi,m2) to the standard form 

m2 = -C2 




We now define the null basis vector Ai :— p, and extend to a basis {Ai, A2, A3) by defining, for 
example, 

p2 1 

^2= 62 + ^61, A3 ^ -ei. 

pi pi 
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We let 

Q := A3 X V = (^,^2)^3 - {v,A:i)A2, 

and then define g = {Q^A). Again it follows that 77 = KA*{g)^ and therefore that the map 
(p, v) 1-^ {g{Pi (p, v)) is a cross-section of the Marsden-Weinstein fibration. 

The explicit parametrizations of the orbits given in Section 4.1 have the property that 77* (cr^) = 
dt, and hence u'' = 1. From the explicit forms of the cross-sections, 17, it is straightforward to 
check for each type of orbit that g{t)~^g{t)' + g{t)~^'H[i]{t)]g{t) lies in for all t in the relevant 
range, as required. We may then, by direct integration, compute the gauge-transformation (24). 
The integral curves of the Euler-Lagrange system are then given by (25). 

Appendix A. Pfaffian differential systems with one independent variable 

Definition A.l. Let M be a smooth manifold. A Pfajfian differential system {T,uj) with one 
independent variable on M consists of a Pfaffian differential ideal I C W{M) and a non- vanishing 
1-form uj E il^{M) such that u!^0 (mod T). 

Definition A. 2. An integral element of (2^, w) is a pair {x,E) consisting of a point x E M and a 
1-dimensional linear subspace E C Tj:{AI) such that ri\E~ 0,V77 £ T and uj\e7^ 0. We denote by 
V{T,uj) the set of integral elements of (I, w). We say that T has constant rank if it is generated 
by the cross-sections of a sub-bundle Z of T*{M). 

Definition A. 3. A (parametrized) integral curve of {I,i-u) is a smooth curve a : (a, 6) C K — > M 
such that 

a*(r/)=0, Vr^eJ, 
j*{lu) ^ dt. 

We denote the set of integral curves of the system by V(X, uj). 

Definition A. 4. We say that the Pfaffian system in one independent variable (X, ui) is reducible 
if there exists a non-empty submanifold M* C M such that 

• for each point x G M* there exists an integral element {x,E) £ V{I,uj) tangent to M*; 

• if A^ C M is any other submanifold with the same property then N C A/*. 

We call M* the reduced space. Wc define on M* the reduced Pfaffian system, denoted by (X*,a;), 
which is obtained by restricting the original system (I, w) to M*. 

A basic result is the following, a proof of which may be found in [12]. 

Proposition A. 5. The Pfaffian systems {T,uj) and {I*,uj) have the same integral curves. 

There is an algorithmic procedure for constructing the reduction of a Pfaffian system [12]. To 
construct the reduced space M* , we consider the projection Mi C M of V{T,uj) to M. If Mi is 
a non-empty submanifold of M, we then define (Ii,a;i) to be the restriction of (2^, w) to AIi. We 
then construct V(Ii,uJi), the set of integral elements of (Xi, wi). Repeating this construction, we 
inductively define 

Mk = {Mk-i)i, Ik = (Ife-Oi, ujk = {u!k-i)i. 
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This process defines a sequence M D Mi ^ • • • I? Mk 12 ■ ■ ■ of submanifolds of M. If M* 
HfeGN ^'^fc 7^ ^ then Af * is the reduced space of the system. Notice that this procedure requires 
that, at each stage, the subset Mk C M^-i is a non-empty submanifold. 

A.l. Cartan systems. Let e fi^(M) be an exterior differential 2-form on M. We define the 
Cartan ideal to be the Pfaffian differential ideal C(5') C il*[M) generated by the set of 1-forms 
Vv iv'^ obtained by contracting with vector fields on M. li 9^ , . . . ,9^ is a. local coframing on 
M and if = 9'^ /\9^ , then C(5') is locally generated by the 1-forms Uij 9^ . A Cartan system is a 
pair (C('I'),a;) consisting of a Cartan ideal C(^') and a 1-form uj E n^{M) such that uj\p ^ C(^')|p, 
for aU pe M. 

Definition A. 6. A Cartan system {C{'i>),uj) is regular if 

• it is reducible and the reduced phase space M* is odd-dimensional; 

• the 2-form := '^\]^.J, G Q'^{M*) is of maximal rank on M*. 

An important fact is that if (C(5'), oj) is regular then the Cartan ideal C(4'*) on M* is the restriction 
to M* of the Cartan ideal C((1')) on M: 

J* i^CWI,,. =C(**). 

Again, a proof of this result may be found in [12]. 

If {C{'i'),uj) is regular, then there exists a unique vector field ^ on M* such that i^^I'* = 
and (jj(^) = 1. Wc call ^ the characteristic vector field of the Cartan system (C(5'),cj). The 
integral curves of the characteristic vector field coincide with the parametrized integral curves of 
(C(**),w), and hence with those of (C(*),ti;). 

A. 2. Contact systems on jet spaces. Given a manifold M, we denote by M) the bundle 

of the fc-order jets of maps 7 : R ^ M. The fc-jet of 7 at t will be denoted by j'^(7)|t. Local coor- 
dinates (a;^, . . . , x") on M give standard local coordinates (i, x^, . . . , x", a;}, . . . , x", . . . , xj,, . . . , xJJ) 
on the jet space J''{M.,M). With respect to such a coordinate system a fc-jet with coordinates 
{t,x^, . . . , x", a;}, . . . , a:", . . . , xj,, . . . , a;^!) is represented by j''{'j)\t, where 7 is the curve defined by 

7 : s ^ . . . ,x") + {xl . . . ,x?^)(t _ 5) + . . . + l(xi, . . . , a;^)(t - s)\ 

The canonical contact system T on j'^ (R, M) is defined to be the Pfaffian differential ideal gener- 
ated by the forms 77^ — dx\ — x\_^idt, i = 0, . . . , n, a = 0, . . . , fc — 1 (where Xg = x*). The indepen- 
dence condition of the system is given by the 1-form dt. The integral curves T : (a, b) J*''(R, M) 
of X such that r*(ijj) = dt are the canonical lifts ^'^(7) of maps 7 : (a, 5) M. 

Appendix B. Constrained variational problems in one independent variable 

Definition B.l. Let {T,uj) be a Pfaffian differential system on a smooth manifold M and let 
i : A/ — > R be a smooth function. The triple (X, L) is said to be a constrained variational 
problem in one independent variable. The function L is referred to as the Lagrangian of the 
variational problem. 
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The Lagrangian L gives rise to the action functional C : V(X, cj) M defined (perhaps not 
everywhere) on the space of the integral curves of (X, oj) by 



Definition B.2. By an extremal curve of {T,u!,L) we mean an integral curve 7 that is a critical 
point of the functional C when one considers compactly supported variations of 7 through integral 
curves of the system. 

Let us suppose that the Pfaffian ideal T is generated by a sub-bundle Z C T*{M). We then let 
Z C T*(M) be the affine sub-bundle Lu; + Z. We denote hy i/j € fl^{Z) the restriction to Z of the 
tautological one- form on T* (M) , and call t/j the Liouville form of the variational problem. We let 
'I' be the 2-form dip and we consider on Z the Cartan system C(5') together with the independence 
condition lu. 

Definition B.3. We say that {X,uj,L) is a regular variational problem if the Cartan system 
{C{^),uj) is reducible. The reduced space Y <Z Z oi {C{^),uj) is called the momentum space 
of the variational problem. The restriction of the Cartan system (C(^'),(jj) to Y is called the 
Euler- Lagrange system of the variational problem, and denoted [£,uj). 

The importance of the Euler-Lagrange system comes from the following theorem (cf. [12. :;]): 

Tlieorem B.4. Let T : {a,b) Y be an integral curve of the Euler-Lagrange system. Then 
7 = T^AI o r : (a, 6) — > Af is a critical point of the action functional C, where -km '■ Y M denotes 
the restriction to Y of the projection T*{M) M . 

This theorem allow us to find critical points of the variational problem from the integral curves 
the Euler-Lagrange system. However, not all the extremals arise this way for a general variational 
problem. It is known that if all the derived systems of Z have constant rank, then all the extremals 
are projections of the integral curves of the Euler-Lagrange system ['5]. Other results in this 
direction have been proved by L. Hsu [!(>]. 

Definition B.5. A variational problem (X, uj, L) is said to be non- degenerate if the Cartan system 
{C{'^),uj) is regular, in the sense of Definition A. 6. 
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